INTRODUCTION
We consider the following cubic Schrodinger équation
where 7 > 0 is a damping factor and f -ƒ (x, t) is an external time-periodic driving force. We supplement (1.1) with space periodic boundary conditions Le.
u(x + L,t) = u(x,t) , V*e M , We M (1.2)
where L is a given positive number. As it was shown in a previous work [4, 5] , the long-time dynamics of the infinité dimensional dynamical system (1.1)-(1.2) is finite dimensional. More precisely we have shown that the trajectories of this évolution équation are captured by a finite dimensional attractor. This result contrast s with the case of the unperturbed équation (where 7 = 0, ƒ = 0) for which thanks to the Inverse Scattering Theory, one observes a totally different dynamics [11] . Moreover, our results on the perturbed équations agrée with numerical and physical investigations [9, 2] , Our aim in this work is to dérive explicit upper and lower bounds on the dimension of the global attractor associated to (1.1)-(1.2). The upper bounds are derived in Corollary 3.1 (third section) while the lower bounds are given in the fourth section. In the next section, we dérive some estimâtes on the solutions to (1.1)-(1.4) and define the global attractor.
BOUNDED ABSORBING SETS AND ATTRACTORS
For the sake of simplicity in the exposition, we are going to assume in the remainder of this article that the driving term ƒ is time-independent (and dépends periodically on the space variable x) : f{x, t) = f(x). We dénote by v(k) the fc-th-Fourier-coefficient of a L-periodic function v : j»()ep(;?^) dx, and H™, m e Jf, dénotes the usual Sobolev space
We assume that ƒ belongs to L 2 (0, L) and dénote by {$(t),t e 0t) the noniinear group on ti\ that solves (1.1) with the boundary condition (1.2), i.e. u(t)= S(t) u 0 solves (1.1)-(1.2) and u(0) = M 0 , W 0 6 H h The naapping (t, M 0 ) -• S(t) u 0 is continuous on M x H\ and M x H\ ; and for fixed t, S(t) is a homeomorphism of H\ and H\ ( [5] and références therein).
An important feature of the damping in (1.1) is the existence of bounded absorbing sets for the group S(t). We recall that given a norm TV on Jf = H\ or Hl, a set ffl a c= ^f is a bounded absorbing set for TV if This resuit is proved in full details in [4] . We are going to sketch briefly some steps of the proof and dérive a slightly stronger resuit. we see tnat tne r.h.s. of (2.10) is less than <p e since u e $ 0>e , W s= 0. This shows that the âS\ te are invariant. Returning to (2.10), one sees easily that these sets are absorbing for the //^norm, provided e ^ 0.
In order to achieve the proof of Proposition 2.1, it remains to show that S{t) possesses an absorbing set in Hl (w.r. to the /f^-norm). This result is slightly more technical than the previous ones. It relies on the study of the évolution of the quantity :
and we refer to [4, 5] For a group (or semi-group) which admits an absorbing set, such a result is classical provided some compactness of the group (or semi-group) is obtained (Levinson [10] , Billotti and La Salie [1] ). Here, compactness is simply obtained from boundedness since we use the weak-topology. The counterpart is that one must show that the S(t) are continuous w.r. to this topology, which is indeed the case [5] .
By (2 14) , the set si desenbes the long time dynamics of (1 1) 
UPPER BOUNDS ON THE DIMENSION OF THE ATTRACTORS
In this section, we consider a bounded set Zin Hl, which is invariant under (1 1)-(1 2)
We introducé with Constantin, Foias and Temam [3] the global Lyapunov exponents on X as follows Given u 0 e X, the complete trajectory u{t) = S(t)u Q , t e M, lies in Zand we can solve the non autonomous hnear équation
where v is L-space penodie and where C o is defined in (3.16). With regards to (3.5), we see that for m o > CQ7~2, ^{X) A + \x m {X) < 0. Hence the sum of the first m global Lyapunov exponents on X is négative so that the tangent flow (i.e. (3.2)) along a trajectory lying on X shrinks the m 0 -dimensional volumes. This implies according to [3, Theorem3.3] that the Hausdorff dimension of 1=^ is less than 1 + CQ y 4 (and an analogous bound on the fractal dimension). We note that since si is bounded and weakly closed in H\, it is compact in H\ and the previous result in [3] is applicable. More precisely we apply here an extension of this result [8] , which is necessary here since the mappings S{t) are not compact in H\.
Let us now deal with the proof of (3.5). The key point here is a family of identities that satisfy the solutions to (3.2) : 
LOWER BOUNDS ON THE DIMENSION OF THE ATTRACTORS
In this section, we give a lower bound on the dimension of the global attractor by computing the dimension of the unstable set emerging from some particular stationary solutions. At the end of this section we compare these bounds to the previous upper bound in a case inspired by a situation arising from plasma physics.
We assume that for given p > 0 and k Q e Jf, the function
is a stationary solution to (1. where \e^, a, b e <$ and Î e 3£. Inserting (4.6) in (4.5), we find the following dispersion relation
Unstable modes correspond to \e^, \ > 0 and the dimension of the local unstable manifold is larger than the number of such \'s : N (p, 7). An easy computation shows that An application to a situation arising from plasma physics. Inspired by Nozaki and Bekki [9] , we assume that we are given a small parameter e > 0 and that the damping term and the driving term (given in (4.2), with k 0 = 0) scale as follow 7 = 7o e" 2 , P = Po*~1-
In that case, provided p$ ^JQ, we deduce from (4. we find thanks to (3.7) that where KÓ is independent of e and can be obtained explicitely in terms of Po, 7o an< i L. In fact, in the case (4.10), the upper bound (3.14) can be improved (but we shall not give the details here) and this leads to a better estimate on the fractal dimension of sé', namely 0<6^1.
(4.13) Summarizing (4.11) and (4.13) we see that
, 0<e^l. (4.14)
We cannot conclude from these estimâtes that neither the lower bounds nor the upper bounds on the dimensions are asymptotically sharp, as it is the case for the Ginzburg-Landau équation [7] . However, as follows from (4.14), the long time dynamics of équations (1.1)-(1.2) is always finite dimensional but involves more and more degrees of freedom as e -+ 0.
